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I. INTRODUCTION 
Many fields of interest under current research involve dynamical 
systems. In these fields dynamical systems can be formulated, and 
their stability examined as a special case of problems of stability in dy- 
namics. 
One can distinguish classes of concepts of stability depending On the 
nature of the dynamical systems, the manner in which the system 
approaches'a given state or deviates from it, the properties of the per- 
turbations of the system, and the space variables elected. 
During recent years the concepts of stability of dynamical systems 
have been advanced, either by modifyingold i eas or by creating new 
ones, and these advances permit a deeper penetration i to the more 
profound problems of stability. 
In this paper, of which a first draft is published in the Proceedings of
National Academy of Sciences (h,lagiros, 1965a), we discuss the three 
basic concepts of stability in the sense of Liapunov, Poincar6, and 
Lagrange, and some specialized ones. Based on an appropriate inter- 
pretation of the effects of perturbations, acting on the systems either 
momentarily or permanently, a unified formulation of the basic con- 
cepts of stability is given. Some relationships between the concepts of 
stability are emphasized and appropriate xamples and geometrical 
interpretations of the concepts clarify the discussion. 
II. PIIYSICAL STABILITY CONSIDERATIONS 
Physically, one may have three basic aspects of stability depending 
on stability considerations of the motion in a given orbit, of the Orbit of 
a givcn motion and of the boundedness of the motion and its orbit. 
* The author wishes to express his thanks to O. Klima and R. Chapman of 
General Electric Company, Missile and Space Division, for their encouragement 
and help with this research work. 
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A motion or its orbit is considered stable, if, by giving a small dis- 
turbance to the motion or to its orbit, the disturbed motion or its orbit, 
remains close to the unperturbed one for all time. 
5[orc specifically. 
a. If for small disturbances the cffcct on the motion or on its orbit is 
small, one says that the motion or its orbit is in a "stable" situation. 
b. If for small disturbances the effect is considerable, the situation is 
"unstable."  
c. If for small disturbances the effect tends to disappear, the situa- 
tion is "asymptotically stable." 
d. If, regardless of the magnitude of the disturbances, the effcct 
tends to disappear, tlm situation is "asymptotically stable in the large." 
The stability in the sense of Liapunov and Poincar6 is based on the 
above physical stability definitions. 
The boundedness of motions and orbits of a system in connection 
with bounded disturbances is another physical aspect of stability, 
on which the stability in the sense of Lagrange is based. 
These three different aspects of stability are of a qualitative type. In 
the following a unified quantitative discussion of these aspects of sta- 
bility is given. 
lII. TIIE EFFECTS OF PERTURBATIONS 
The disturbances of the systcms are due to perturbations, which are 
considered as minor disturbing forces acting on the system either 
momentarily or constantly. 
The equations of a nonautonomous dynamical system in case of 
sudden perturbations are: 
.~( t )  = X~(t ,  x l  , . . .  , xn) ,  z~(t0) = zi0 
(1) 
Xi( l ,  O, "'" , O) --0; i = 1, - '" , n 
Let x~(t) be a solution of the system (1), that is, a motion with orbit L, 
Fig. 1. The effect of perturbations i  a change of certain quantities de- 
pendent on the motion, that is, a change of the motion into the per- 
turbed nmtion ~i(t) with orbit L. 
If the distance p between a point P of L and a point/~ of L measures 
the effect of perturbations at the point P, the points P and/5 are cor- 
responding points of the unperturbed motion x~(l) and the perturbed 
one ~(l) .  
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One may have different kinds of correspondence b twce11 points P 
of L and points/3 of L, and this correspondence characterizes different 
stability concepts of the motion. 
One can distinguish two such correspondences, which are mostly 
physical, oil which two important concepts of stability are based, 
namely, the stability in the sense of Liapunov and Poincar(!: 
a. The points P and /3 are points of L and L, respectively, at the 
"same time," Fig. l(a), either in phase space or in parameter space of 
tlm system, and the distance p = p/5 is "time-dependent," namely, 
one has: 
~),/2 
= _ Ix,(0 - ~ , ( t ) l )  , in the phase space, ~nd p 
) 
p = __  [x~( t ,  a i )  - -  x~( t ,  5j)] , in the parameter space. 
i~0 
This kind of correspondence is an appropriate one for stability discus- 
sion of a motion in its orbit. 
We call "Liapunov distance" the distance p defined with the above 
correspondence between points P and/3. 
b. The points P and/3 on L and L correspond to each other in such 
a way ttmt the distance p -- p/3, Fig. l(b), is the minimum from the 
distances of P from all points of L: 
p = min (xi -- ~i) 
The distance p defined in the above manner is "time-independent." 
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This corrEspondEnce is an al)propriate one for stability discussion of 
the orbit of a motion. 
We-call "Poincard distance" the distance p dEfinEd in the above 
n!anller. 
IV. STABILITY DEFINITIONS OF A GENERAL MOTION 
Tim distance pdefined in the preceding can be used for finding stability 
definitions of a general motion of analytical type in agreement with the 
physical stability definitions. 
a. A motion xi(t) of the system (1) is said to be "stable," if, for any 
given positive number ¢ and initial time t0 > 0, a positive number ~, 
depending on ~ and, in general, on 10, can be found such that, for any 
perturbed motion ~(t) ,  the inequality 
vo < ~ (2) 
where po is the distance initially, implies, for all time t > to, 
p <¢ (3) 
b. The nmtion is "unstable", if, given e as above, for sufficiently small 
positive ~ the inequality (3) is lint satisfied even for at least one per- 
turbcd motion. 
e. The motion is "asymptotically stable", if it is stable and in addi- 
tion a positive number 6, 
wlfich is: 
the limiting condition: 
=> ~ exists such that, starting from any po, 
po < ~1 (2a) 
lira p = 0 (4) 
holds uniformly to the quantities/0, xi0 (Zubov, 1963a). 
d. The motion is "quasi-asymptotically stable", if, from the above 
stability conditions, only the limiting condition (4) holds. 
e. The motion is "asymptotically stable in the large", if it is asymp- 
totically stable and the number ~i~ is very large. 
The above definitions express the stability definitions ill a unifying 
way, since in the above conditions the ldnd of the distance is not yet 
specified. 
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V. REMARKS 
REMARK 1: STABILITY DEFINITIONS IN TItE LIAPUNOV AND POINCAI{~ 
SENSES 
The above definitions are "stability definitions iu the Liapunov 
sense," either in phase space or in parameter space, if the distances 
p0 and p are "Liapunov distances" either in phase space or in parameter 
space, respectively. 
The definitions are "stability definitions in the Poincar6 sense," or 
"orbital definitions," if the distances p0 and p are "Poincard istances." 
PtEMARK 2: EQUIVALENCE OF LIAPUNOV AND POINCARI~ DEFINITIONS 
IN EQUILIBRIUM POINTS 
In case the orbit L shrinks to an equilibrium point of the system, the 
distances in the Liapunov and Poiucar6 senses are identical, and there- 
fore the stability definitions in the Liapunov and Poincar4 senses are 
cquivale*lt at the singular points of dynamical systems. 
I{EMARK 3: STABILITY DEFINITION IN THE LAGRANGE SENSE 
The Lagrange stability of a system, namely, the stability concept in 
connection with the boundedness of motions and orbits of the system, 
is given by the preceding eneral stability conditions. 
If p is the distance of the origin of the system from a poiut of an)" 
solution x~(t, to, X~o, . . .  , xno) of the system, and if, given any finite 
positive number ~, one can find another finite positive number ~ such 
that condition (2) implies condition (3) for all time t => to, the system 
is "stable in the Lagrange sense" (Hahn, 1963a). 
The system is "unstable in Lagrange sense," if its response can grow 
without bounds. 
The distance p used in stability conditions in Lagrange sense is 
identical with the distance in Liapunov or in Poincar~ sense applied to 
origin. 
l~EMARK 4: STABILITY AT RIGHT AND/OR AT LEFT 
If the above stability definitions hold for t _>- t0, one can speak about 
"stability at right"; if they hold for ! _-< to, one can speak about "stability 
at left." One may have "stability at right and left" in case the conditions 
hold for all time (Cesari, 1959a). 
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I~EMA1RK 5: STABILITY DEFINITIONS IN AUTONOMOUS AND ~ONAUTON- 
OMOUS SYSTEMS 
a. If ~t is independent of to, as in the case of autonomous systems or 
nonautonomous but periodic ones, the definitions are called "uniform"; 
so one may have "uniform stability," "uniform asymptotic stability," 
etc., in the Liapunov or in the Poincar6 sense. In nonauto~mmous sys- 
tems the selection of the initial time to is not free, as, e.g., for stability 
of equilibrium points there is a value T of time such that r ~ to (La Salle 
and Rath, 1963). 
b. There is a one-to-one correspondence between the definitions of 
stability expressed by the previous imple stability conditions where the 
distances are either Liapunov or Poincar6 distances, and the known 
definitions of stability of invariant sets (Zubov, 1964) applied to equi- 
librium states or to periodic motions. 
PtEMARK 0: CONTINUOUS DEPENDENCE OF A SOLUTION ON ]NITIAL 
CONDITIONS 
In case a solution x(t, xo) of the system is stable in the special param- 
eter region of the initial conditions, for any two sets of values x01 and 
x0.~ of the initial conditions and for appropriate numbers ~ and ~, the 
two inequalities: 
p0 = { - "" < p = [x ( t ,  x0 , )  - x ( t ,  
are compatible. 
These two inequalities are the conditions for a continuous dependence 
of the solution x(t, Xo) ou the initial conditions x0 uniformly in t, and 
this property of the solution is a Hadamard's postulate of the solution 
for being physically acceptable (Magiros, 1965b) .Therefore, "the con- 
tinuous dependence of a solution on the initial conditions corresponds 
to a stability situation of the solution in the Liapunov scnse in a special 
parameter space, namely, in the initial conditions pace." 
RE.~IARK 7: STABILITY OF PERIODIC ~[OTIONS 
The stability dcfinitions in Liapunov sense of periodic motions are 
narrow definitions, because they classify as unstable motions some nm- 
tions which can be practically considcrcd as stable. 
The definitions in Poincar6 sense are the appropriate ones for periodic 
motions. 
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REMARK 8: STABILITY OF TttE ORIGIN WITH RESPECT TO ONLY CERTAIN 
COOaDINATES (Zubov, 1963b) 
If xi(t;  xlo, "'" , x.o) is a perturbed solution of a system through the 
point (x,0, .-- , x.0), and the distanccs p, pk, p~- from the origin are 
given by the expressions: 
the origin of the system is "stable with respect to the coordinates 
xl, • • • , x, ," k < n, if, for every small positive lmmber e, there exist two 
positive numbers ~ and ~2, $~ < e, such that: 
imply, for all t = to, 
If, in addition, 
lim p = 0 
the origin is "asymptotically stable with respect o the coordinates 
Xl ,  " ' "  , Xk  • 
Example:  Tile system (Zubov, 1963c) 
• ~'I = xl + x~, 2.0 -- - (4z l  + x2 + x3), ./'~ = - (2x~ + x~ + x~) 
has a solution which is "asymptot ica l ly  stable at the origin" in the third 
component of the solution, but "asymptotically unsatable at the origin" 
in the first two components. 
REMARK 9: ABSOLUTE STABILITY 
A no~flinear autonomous system of which not any eigenvalue has 
positive real part, may have, under some restrictions ofthe nonlinearities, 
the origin as an equilibrium point "asymptotically stable in the large." 
Such nolflincar systems are called "absolutely stable systems," and 
there are methods for finding classes of nonlinearities for the absolute 
stability of the systems (Aizerman and Gantmaher, 1964). 
The above kind of stability of the systems plays an important role in 
modern technology. 
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R~,.~L~RK I0: STRUCTUIL~.L STABILITY 
• , • . . 
If the stability situation of a motion x~(t) of a system is invariant in 
a parameter space S of the system, one speaks about a "structural 
stability" of the system, inthis space which is the "domain of structural 
stability" of the system. This property of the system gives information 
about the "insensitivity" of the system to perturbations (Lefschetz, 
1057). 
VI. STABILITY UNDER PERSISTENT PERTURBATIONS 
Ill the preceding, the perturbations were considered momentarily 
acting to the system, and consequently the perturbations do not appear 
in the formulation of the equations of the system. 
In the ease of constantly acting perturbations p i ( t ;  x l ,  . .  • , x~) ,  the 
equations of the system must contain the perturbations, for which the 
equations of the system during the action of persistent perturbations are: 
2~( l )  = Xdt ;x , ,  . . .  , x , )  + p~(t ;  x l ,  . . .  , xn)  
(5) 
x i ( to )  = x'~o ; i = 1, . . .  , n 
where p~ must be such that the system (5) has unique solutions cor- 
responding to the initial conditions. 
A solution x~(t) of the system (1) is "stable under persistent perturba- 
tions," if, in addition to conditions (2) and (3), some appropriate re- 
strictions on the maglfitude of p~ are accepted and which must hold for 
all accepted x~ and t _>- to. 
Ill case the magnitude of the perturbations is according to (Vrk6v, 
1963): 
max ]p~( t ;  xl, --- , x~)l < ~ (6) 
where ~ is an appropriate positive number, one speaks about a "total 
stability" of the solution x~(t ) .  
If the condition (6) is replaced by: 
QO 
I max I p~( l ;  . . .  x~)  I dt  < n (6a) x l ,  
one speaks about "integral stability." 
In case of total stability the perturbations must be small in magnitude, 
but in case of integral stability they may be large in a snmll interval of 
time. 
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These magnitude restrictions of the perturbations of the above sta- 
bilities are possessed by stability under perturbations which are 
"bounded in the mean," and in: this case one has "stability in tlm mean," 
which corresponds to 15erturbations satisfying the condition: 
f/ +r max ] pi(t; x l ,  . . .  , x,,)[ dl < ~ (6b) ' $¢g 
where ~ of 6(b) and ~i of (2) depend on T in general. 
If, in addition to the above, condition (4) holds, one has "stability of 
asymptotic type" under persistent perturbations. 
The above stability of persistent perturbations are in the Liapunov or 
Poincar6 sense, if the distances p0 and p in (2) and (3) are Liapunov or 
Poincar6 distances. 
VII. COMPARISON AND CONNECTIONS OF STABILITY 
CONCEPTS--EXAMPLES 
The tliree basic concepts of stability in case of sudden or persistent 
perturbations, although expressed by the same mathematical conditions, 
are independent of one another. It is therefore possible for a solution to 
have different situations of stability under different definitions of sta- 
bility. Nevertheless, the concepts of stability are inmany cases con- 
nected. 
In the following wc clarify these statements. 
1. Liapunov and Poincar~ Definitions of Stability Applied to Periodic 
Motions " 
We apply the Liapunov and Poincar6 definitions of stability to the 
following physical problem: 
"Discuss the slability of the molion of a mass in an elliptic orbil under 
the inverse square Newton's law of attraction of an attractive center." 
The elliptic orbit of the moving mass in this Newtonian field can be 
determined by knowing the initial conditions, that is, the distance of the 
moving mass from the attractive center E and its velocity at time t0. 
Let us take L the orbit by specifying the initial conditions, and T the 
corresponding period of the motion on L. If these initial conditions are 
changed, then the new initial conditions correspond to a new orbit L of 
tlm perturbed motion with new period ff'. 
a. The motion of the mass on the orbit L is "orbitally stable", but not 
"asymptoiicaUy orbitaUy stable". 
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For any point P on L, Fig. 2(a), the corresponding point P on L must 
be such that the distance p = PP  is the minimum distance from 15 to L. 
If  one wants this distance p to be smaller than a given number e > 0 
for all time, one needs for orbital stability to find a 6 > 0 such that, if 
the distance initially is smaller than ~, p0 < 6, one has p < e. This is 
possible. Given a perturbation p, the perturbed orbit L is known, then 
the deviation p, corrcsponding to any point P of L, is known. This devi- 
ation for all points of L has a maximum PM, and a minimum P,~ ; and the 
smaller the perturbation p, the smaller pet and pm • Givcn now a small 
positive e, if one wants p < e for all points P of L, one must use a very 
small perturbation p such that the corresponding PM is smaller than e, 
when the appropriate ~must be smaller than p,n. Therefore, the motion 
is "orbitally stable." 
Since the distance p does Imt tend to zero as t changes, the nmtion is 
Imt "asymptotically orbitally stable," that is, the ellipse is not a "limit 
cycle." 
b. The above motion on L is "unstable in Liapunov sense. 
The distance p = P/5, Fig. 2(b), in Liapunov definition is the distance 
of the points P and/5 on L and L, which are places of the mass at the 
"same time." The periods T and ~/' of the motion on L and L are de- 
pendent on the lcngth of the corresponding major axes, thus the points 
P and/5, very close initially but traveling on different ellipses, may find 
themselves at opposition and thus at great distance from each other in 
due course of time. Then given small positive e, one can not find a ~ such 
that p0 < ~i mplies p < e, and this is instability of the motion in Liapunov 
SelLSe. 
Motions as of the present problem are practically considered asstable, 
and by the above xample one sees that he Liapunov stability definitions 
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are narrow definitions, since they classify as unstable situations ome 
situations which are practically considered as stable. 
The Poincar5 stability definitions in periodic motions are the ap- 
propriate ones in these motions. 
We can prove that any periodic motion is unstable in the Liapunov 
sense if its period is diffcrcut from the period of the corrcsponding per- 
turbcd motion. 
The free vibrations of a simple pendulum are stable in the Liapunov 
sense if they are linear and unstable if they are nonlinear, because in the 
case of linearity the isochronous phenomenon exists, and in the case of 
nonlinearity the isochronous phenomenon is violated. 
2. Examples of Motions Stable or Unstable Under DiffereJ~t Definition, s of 
Stability 
a. The rcctilinear motion: 
x( t )  = c , ( t  - to) + 
is the general solution of: 
= 0,  .~(t0) = c~,  x ( t0 )  = co-. 
The above motion is stable or unstable depending on the initial con- 
ditions and the definitions of stability used. We have the following cases: 
(i) c~ = O, co- = arbitrary. The motion can be represented in the 
"t, x-plalm" by lines parallel to "t-axis," the Liapunov distance pr., the 
Poincar5 distance p, and the Lagrange distance pL~ arc, Fig. 3(a), 
pL = pP = p/5, PLa = OP', which are constants, then the motion is 
"stable" in the Liapunov, Poincar~, and Lagrange senses. 
(ii) c~ ~ 0 fixed, co. = arbitrary. The motion can be represented by 
parallel ines with nonzero slope c~, Fig. 3(b), the Liapunov distance 
p,. _= p]5 = constant, the Poincard distance pr = PP  = constant, and 
the Lagrange distance pL~ = OP' increasing to infinity as t, and then P, 
tends to ilffinity. Then, the motioit is "stable" in Liapunov and Poincard 
sense, but "unstable" iu Lagrange sense. 
(iii) c~ ~ 0 arbitrary, co- either fixed or arbitrary. The trajectories L and 
L are, in general, as shown in Fig. 3(e). The Liapuuov, Poincard and 
Lagrange distances are: pL = PP ,  pP = PP ,  pL~ = OP', and allof them 
increase to infinity with i, and then P goes to infinity when the motion is 
"unstable" in all the three senses. 
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. b~ Tim lnotion x( t )  = a sin (a t  + b) ,  where a and b are arbitrary 
parameters i  a solution of the equation: 
= , ., 4~),/...} .~ -~x{x-  + (x '  + 
it is stable in Lagrange and l'oincar6 sense, but, with tile exception of tile 
origin, it is unstable in Liapunov scnse. 
(c) The motion x = cl cos (lal -b c~), y = cl sin (lal -F c2) of the system: 
• 4: = - lay ,  ~ = px, la ~ 0 where cl and ~2 are arbitrary constants, is a 
periodic motion with frequency lain the concentric ircles x ~ -4- y~ = c/. 
This moti0n is Liapunov stable in case la is a constant, it is Liapunov 
unstable ifl c~tse p is an arbitrary parameter, say in m < g =< la2 • 
d. The cquilil~rium point of the system 
i 2 
.~ = 2.ry, ~)= y -- x 
that is the origi n of the system is "quasi-asymptotically stable." The 
solutions of this systcm arc the members of the one parameter family of 
curves: (x -- p)2 -4- y" = p', then circles through the origin with radius p 
and the center on the x-axis, Fig. 4. Starting from any poin~ of the x, 
y-plane, the circie through this point ultimately terminates to origin, 
then the limiting condition (4) is satisfied. All solutions of the system 
starting from points O f the circle (0, ~) can not be included in the circle 
(0, ~), then the Conditions (2) and (3) are not compatible, even if ~ is 
small and ~ large. 
e. The motion x = ae - z  sin t, where a is an arbitrary parameter, is
"asymptotically stable" in case t0 ~ k~r, k an integer, and it is "quasi- 
• tsymptotically stable" in case to = kTr (Hahn, 1963b). 
STABILITY CONCEPTS OF DYNAMICAL SYSTEMS 543 
Fro. 4 
3. Connections Between Stability Concepts 
a. In linear homogeneous systems: 
~c~(l) = ~.  d~j(t)xj ; i = 1, . . -  , n 
j=l 
where do(l) are continuous functions of t in t _-> to : 
"The Lagrange stability of its solutions implies their Liapunov stabilily", 
and con.versely (Cesari, 1959b). 
b. In linear nonhomogeneous systems: 
~,(t) = ~.a~(t )z j+A( t ) ;  i = 1, . . .  ,n  
where do(l) and fi(l) are contilmous functions of l in t _>-- l0 : "The 
Lagrange stability of its solutions implies their Liapunov stabilily, but for 
the converse the boundedness of one solution is needed as an additional re- 
quirement" (Cesari, 1959b). " : 
In nonlinear systems, coImcctions bctwccn the above concepts of sta: 
bility either is in general hard to be found or they do not exist. 
In case of stabilities of persistent perturbations connections can be 
introduced by the followiBg statements (Vrk6v, 1963) :
e. "Asymptotic integral stability implies asymplolic stability in the mean, 
and conversely"; 
d. "Asymplolic inlcgral slabilily implies lolal asymplolic slabilily, and 
lhis implies total slability"; 
e. "Asymptotic stability in the mean implies stability in the mean, and 
this implies either integral stability or total stability"; 
f. "Integral stability does not imply total stability"; 
g. "Stability in the mean does not imply total asymptotic stability"; 
h. "Total asymptotic stability does not imply integral stability". 
544 .~tA(~UlOS 
VIII. GEOMETRICAL INTERPRETATION OF TItE STABILITIES 
The concepts of stability may be clarified by their geometrical inter- 
pretation. 
One may define as "r-tube" around a curve l ill ~-dimeasional space 
the set of all points of which the distance p ill the Poincar6 sense from I is 
smaller than r. The quantity r is the width and l the central curve of 
the tube. For finite r the tube is bounded. 
These definitions can appropriately be uscd for a geometrical inter- 
pretation of the stability concepts. 
A motion x i ( t ,  to, Xlo, . . .  , Xno) of orbit L is stable in Liapunov sense, 
if given the "e-tube" around the line xi = xi0, Fig. 5(a), one can find a 
"~-tube" around the line x¢ = xi0 such that any perturbed motion of 
orbit L, starting in the "~-tube," remains for all t => to in the "e-tube." 
In case of equilibrium points, that is, the origin, the above tubes are 
around the t-axis, Fig. 5(b). 
For asymptotic stability one needs, in addition, another tube, a 
"~i~-tube," which will be unbounded for asymptotic stability in the large. 
For stability of a general motion in Poincar6 sense, that is, for "orbital 
stability" of the motion, the "~-tube" and "e-tube" around the orbit L 
can be used. 
x, ii . . . . . .  -~  - - -  L 
r ~ - ~ - - ~ ~  
. .  . t /  / ~ ~ L  -~  . . . . . .  _ 
^,o  . . . .  - I  . . . .  
.; ...... -~ 7 . i _  - - - ~ , "  to o ,o ' 1o) . . . . .  
(bl 
(c) 
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A motion is "orbitally stable," if given the "e-tube" around L, one 
can find a "~-tube" around L such that any perturbed orbit L starting in 
the "fi-tube" remains always in the "t-tube", Fig. 5(c). 
For stability of equilibrium points, the orbit L is tlle t-axis, then the 
tubes are around the l-axis, Fig. 5(b), and the discussion is the same as 
in the Liapunov c~e. 
For periodic motions, the tubes around the closed orbit L are tort with 
L as a central curve. 
For Lagrange stability bounded tubes around the t-axis, Fig. 5(b) Call 
be used. 
The systcm is "Lagrange stable," if, for every bounded "e-tube" 
around the t-axis another boundcd "~-tube" around the t-axis can be 
found such that every orbit of the system starting in the "~-tube" does 
not leave the "e-tube" for all time t = to • 
For stability under persistent perturbations the "o-tube" around the 
t-axis is needed, in addition. The "8-tube" and "e-tube" must be around 
the t-axis in the Liapunov case, or around the orbit L in Poincar6 case. 
LX:. PRACTICAL STABILITY (Zubov, 1963(d); La Salle-Lefschctz, 1961) 
All the previous discussion on concepts and definitions of stability, al- 
though modified in many points for the purpose of their application to 
practical problcms, are of mattiematical type. 
One can see that a state of a system may be unstable mathematically, 
that is, under one of the previous definitions, but the system may oscillate 
sufficiently near this state and its performance can be accepted practi- 
cally as a stable one. The motion of missiles frequently shows this kind of 
behavior. 
Also, an cquilibrium state of a system nmy be stable mathematically 
in a small region, but in practice the perturbations expected may cause 
the system to go far from the equilibrium state; then the system is 
practically unstable at the equilibrium state. 
The definitions of stability discussed in the preceding need appropriate 
modifications, changes, and supplements in order to be useful for practical 
problems, that is, in order to meet the rcquirements for "practical 
stability". 
For practical stability one needs to know: 
(a) the size of the region of deviations, that is, the width of the 
"e-tube," which gives the "acceptable states" and a "satisfactory oper- 
ation" of the system; 
546 MAGIROS 
(b) the size of tile region of initial data, that is, ttle width of the 
"~-tube," which gives the permitted size of the initial conditions which 
can be controlled; -
: (c) the size of  the rcgion of perturbations, that is, the width of the 
"~l-tube" ; and 
(d) a finite time T over which the stability is valid, that is, the lengths 
of the above tubes, in other words, the time to =< t =< to q- T, for which 
the solution x,(/) satisfies the above requirements. 
In determining practical stability, the linearization of the system is 
~mt, in general, permitted, since practical stability depends on the non- 
linearities of the system. 
.. . . X. STABILITY AND THE SYSTEM OF COORDINATES 
The character of the stability, under any of the previous concepts, is 
not invariant with a general transformation of the coordinates of the 
system. In other words, the stability is dependent on the coordinate 
system with.reference to which the variables are to be considered; then 
for a discussion of stability the sclcction of the appropriate space 
variables of the system is suggested. 
By menus of the following examples, we clarify the dependence of the 
stability on the coordinate system (Cesari, 1959e). 
Example 1. The dynamical system: 
= - -y(x:  + y~-) ~/"~, I) -- x (x  ~" + y.-)l/.- (7) 
accepts the two parameter family of solutions: 
x = a cos (at + b), y = a sin (at + b) (8) 
where a and b are arbitrary. 
This family of solutions is stable in Poincar5 and Lagrange sense, but 
it is unstable in Liapunov sense. 
By introducing new variables, one can make the solution Liapunov 
stable. 
In case the new variables r and b are introduced by means of the rela- 
tions: 
x = rcosO, y = rsinO, 0 = a l+b (9) 
the original system (7) is transformed into the new one: 
= 0, b = 0 (10) 
for which the solution 
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r= cl, b = c~ (11) 
is Liapunov stable, where ct and c2 arbitrary constants. 
Example  2. The equation of pendulum: 
.~+s inx  = 0 (12) 
accepts the two parameter family of solutions: 
x = a sin {~(a) /+ b} (13) 
where a and b are arbitrary, and ~(a) can be expressed i~ terms of 
elliptic functions. 
The solutions (13) are, except for the origin, unstable in Liapunov 
sense, but by using new coordinates, r and b, according to the transforma- 
tion formulas: 
, x = rs in  {~(r)l + b}, y = r cos {~(r)t + b} (14) 
the system (12) leads to the system: 
= O, b = O (15) 
of which the solutiolrs are Liapunov stable. 
Example  3. Let us take the nonautouomous system 
:i:i(l) = X i ( l ,  xx, - ' -  , x , ) ;  i = 1, - - -  , n (16) 
of which the solution in its implicit form is: 
4~i(t, x l ,  " "  , x . )  = ci (17)  
where cx, " • , c. are constants. By using the transformation: 
y~ = ¢i(/, x l ,  --" , x.) (18) 
the origitml system (16) is reduced to: 
9~ = 0 (19) 
of which the solution: 
yi = c~ (20) 
is Liapunov stable, but this is not the case, in general for the solution 
(17) of the system (16). 
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